P 0.1. If a,b,c are positive real numbers such that a+b+c =3, then 


Va +3b+ 7b? 4+3c+ V3 4+3a>6. 


Solution. By the Cauchy-Schwarz inequality, we have 
(a? +3b)(a+ 3b) > (a2 +3b)*. 


Thus, it suffices to show that 


By Holder’s inequality, we have 


243b\7 3 3 
bs =) [d(a? + 3b)(a +36) | > [d@? +30) ] = (dia? +9) 
Therefore, it is enough to show that 

(> a2 + 9): > 36) "(a2 +3b)(a + 3b). 
Let p =a+b+c=3andq=ab+bc+ca,q <3. We have 


Da? +9=p?-2g+9=29-9), 


S(@ + 3b)(at+3b)= 5 )a2+35\a7b+9) a? +3) ab 
=(p? — 3pq+ 3abc) + 3) /a’b + 9(p? — 2q) + 3q 
= 108 — 24q + 3(abe + 9 \a”b). 
Since abc + )\a7b < 4, we get 
S (a? + 3b)(a + 3b) < 24(5 —q). 
Thus, it suffices to show that 
(9 —q)° = 108(5 —q), 
which is equivalent to the obvious inequality 


Goa Gl=9) 20) 


The equality holds fora =b=c=1. 


